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❶ Introduction

Open Quantum System (I)

S
R

interaction

A small quantum systems S interacts with a large (quasi-classical)
reservoir or environment R;

We are interested in the e�ective behavior of S when the reservoir's
degrees of freedom are traced out.
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❶ Introduction

Open Quantum System (II)

S
R

interaction
Space of states H = HS ⊗ HR;

Hamiltonian
H = HS ⊗ 1+ 1⊗HR +HI .

Effective dynamics

Given an initial state ρ ∈ L 1
+,1(H ), the reduced density matrix is

γ(t) = trR
(
e−itHρeitH

)
, t ∈ R.

Large-time behavior

The goal is to study the behavior of γ(t) (and in particular its o�-diagonal
part) for large times and for di�erent initial states ρ.
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❶ Introduction

Open Quantum System (III)

S
R

interaction

Space of states H = HS ⊗ HR;

H = HS ⊗ 1+ 1⊗HR +HI :

γ(t) = trR
(
e−itHρeitH

)
.

Markovian approximation

In the weak coupling approximation (a.k.a. Van Hove regime),
HI = λV , for some small |λ| ≪ 1;

For times t ≲ 1
λ2 , the e�ective dynamics is given by a CPTP map with

Linbladian generator [Davies `74];

Under suitable assumptions on the model, the Markovian
approximation can be proven to hold uniformly in time [Merkli `22].

Is it possible to go beyond the Markovian approximation?

M. Correggi (Polimi) Quasi-Classical Spin + Reservoir 27/11/2024 3 / 25



❶ Introduction

Spin-Boson Model (I)

S
R

interaction

Space of states H = HS ⊗ HR;

H = HS ⊗ 1+ 1⊗HR +HI :

γ(t) = trR
(
e−itHρeitH

)
.

Small system S
Two-level system HS = C2;

HS = 1
2ω0σz, with ω0 > 0 and σz =

(
1 0
0 −1

)
the 3rd Pauli matrix.

Reservoir R
Bosonic quantum �eld HR = Γs(L

2(R3)) =
⊕+∞

n=0 L
2(R3)⊗sn;

HR = dΓ(ω) =

∫
R3

dk ω(k)a†kak, with dispersion relation ω(k) ⩾ 0.
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❶ Introduction

Spin-Boson Model (II)

S
R

interaction

Space of states H = HS ⊗ HR;

H = HS ⊗ 1+ 1⊗HR +HI :

γ(t) = trR
(
e−itHρeitH

)
.

Interaction

Linear coupling

HI = λ
√
εG⊗ φ(g).

λ ∈ R is a coupling parameter;

0 < ε ⩽ 1 is a quasi-classical parameter interpolating between
quantum (ε = 1) and classical (ε = 0) reservoirs;

G ∈ B(C2) is self-adjoint;

�eld operator φ(g) = 1√
2

[
a†(g) + a(g)

]
with form factor g ∈ L2(R3).
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❶ Introduction

Quasi-classical Scaling (I)

H = C2 ⊗ Γs(L
2(R3)), H = 1

2
ω0σz + dΓ(ω) + λ

√
εG⊗ φ(g).

Quasi-classical initial states

We want to consider initial states ρ ∈ L 1
+,1(H ) of the form

ρ = γ ⊗ ζε,

where the �eld's state contains a macroscopic average number of
excitations N̄ ∼ 1

ε as ε→ 0: with N = dΓ(1),

trR (Nζε) ∼
1

ε
.

This is a semiclassical regime for the �eld since[
a(g), a†(g)

]
= 1 ≪ N̄ ∼ 1

ε
.
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❶ Introduction

Quasi-classical Scaling (II)

H = C2 ⊗ Γs(L
2(R3)), H = 1

2
ω0σz + dΓ(ω) + λ

√
εG⊗ φ(g).

Quasi-classical variables

To make the emergence of the classical behavior more apparent, it is
convenient to rescale all �eld's observable

a♯(g) −→ a♯ε(g) := a♯(
√
εg) =

√
εa♯(g),

(and consequently φε(g) := φ(
√
εg)), so that

lim
ε→0

trR (AεBε) = lim
ε→0

trR (BεAε) ⇐= [Aε, Bε] = O(ε),

for any polynomials Aε, Bε in a♯ε.
The Hamiltonian becomes H = H0 + λG⊗φε(g) where the free part reads

H0 =
1
2ω0σz +

1
εdΓε(ω)
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❶ Introduction

Initial States (I)

H = C2 ⊗ Γs(L
2(R3)), ρ(0) = γ ⊗ ζε.

Quasi-classical states

The classical counterpart of �eld's states ζε are probability measures
M (L2(R3)) over the one-excitation space L2(R3);

The generating functional χε : L
2(R3) → C associated to ζε is

χε(f) := trR (Wε(f)ζε) , Wε(f) = eiφε(f), f ∈ L2(R3).

Quasi-classical convergence

We say that ζε
qc−−−→

ε→0
µ ∈ Mcyl(L

2(R3)) if

χε(f)
qc−−−→

ε→0

∫
L2(R3)

dµ(g) ei
√
2ℜ⟨g|f⟩.

If, for some δ > 0, trR
(
N δ

ε ζε
)
⩽ C, then µ ∈ M (L2(R3)).
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❶ Introduction

Initial States (II)

ρ(0) = γ ⊗ ζε, χε(f) := trR
(
eiφε(f)ζε

)
.

(Superposition of) coherent states

Coherent states of the form

Ψf0 := e

√
2φε(f0)√

ε Ω =Wε

(
−

√
2if0√
ε

)
Ω,

have a simple counterpart: χε(f) = e−
1
4
ε∥f∥2ei

√
2ℜ⟨f0|f⟩ so that

|Ψf0⟩ ⟨Ψf0 |
qc−−−→

ε→0
δ(· − f0).

More in general for a superposition of coherent states

ζε =

∫
L2(R3)

dµ0(f) |Ψf ⟩ ⟨Ψf | ,

for some µ0 ∈ M (L2(R3)), then

ζε
qc−−−→

ε→0
µ0.
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❶ Introduction

Initial States (III)

ρ(0) = γ ⊗ ζε, χε(f) := trR
(
eiφε(f)ζε

)
.

Bose-Einstein condensate

For a given one-excitation state f0 ∈ L2(R3), a Bose-Einstein
condensate is described by the product state f0 ⊗ · · · ⊗ f0 or

ψε =
a†(f0)

n

√
n!

Ω, n = ⌊1/ε⌋.

The classical measure is the uniform over the sphere S1:

ζε
qc−−−→

ε→0

∫ 2π

0
dθ δ

(
· − f0e

−iθ
)
.

Proof.

χε(f) = Ln

(
1
2ε| ⟨f0|f⟩ |

2
)
⟨Ω|Wε(f)Ω⟩ → J0

(√
2| ⟨f0|f⟩ |

)
, but the

integral form of Bessel functions yields

∫ π

−π

dθ

2π
ei
√
2ℜ(eiθ⟨f0|f⟩).
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❶ Introduction

Initial States (IV)

ρ(0) = γ ⊗ ζε, χε(f) := trR
(
eiφε(f)ζε

)
.

Thermal state

The thermal equilibrium state of R is identi�ed by〈
a†(f)a(g)

〉
β
=

∫
R3

dk
1

eβω(k) − 1
g∗(k)f(k).

To obtain a non-trivial limit we are forced to rescale the temperature
and set β = εβ′, for β′ independent of ε (high temperature regime).

ζε
qc−−−→

ε→0
µ ∈ Mcyl(L

2(R3)) gaussian measure with zero mean and

covariance β′ω (in ∞ dimension the gaussian measure is cylindrical).

Proof.

χε(f) = e−
1
4
ε⟨f | coth(εβ′ω/2)f⟩ −−−→

ε→0
e
− 1

2β′ ⟨f|ω−1f ⟩.
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❶ Introduction

Main Goals

ρ(0) = γ ⊗ ζε, H = 1
2
ω0σz +

1
ε
dΓε(ω) + λ

√
εG⊗ φ(g).

Main Goals

Characterize the (large-time) e�ective dynamics of the spin S, i.e., the
behavior for t→ +∞ of

γε(t) = trR
[
e−itH(ε)(γ ⊗ ζε)e

itH(ε)
]
,

for ε ∈ (0, 1] and as ε→ 0, and for di�erent �eld's initial states ζε �
COHerent superposition, Bose-Einstein Condensate, THerMal state. In
particular, we aim to

investigate decoherence, i.e., suppression of interference e�ects;

study the markovianity of the e�ective dynamics, i.e., how much
distinguishability between states gets worse along the dynamics.
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❷ Main Result

Effective Dynamics

ρ(0) = γ ⊗ ζε, H = 1
2
ω0σz +

1
ε
dΓε(ω) + λG⊗ φε(g).

Theorem (MC, Falconi, Olivieri `23)

Let ζε ∈ L 1
+,1(L

2(R2)) be a family of �eld's states such that, for some

δ > 0, trR
(
N δ

ε ζε
)
⩽ C, then ∃ a probability measure µ0 ∈ M (L2(R2))

and a subsequence {εk}k∈N, εk −−−−→
k→+∞

0, satisfying ζεk
qc−−−−→

k→+∞
µ0 and

lim
k→+∞

γεk(t) = γ0(t) :=

∫
L2(R3)

dµ0(f) Ut(f)γU
†
t (f),

where Ut(f) := Ut,0(f) is the two-parameter unitary group

i∂tUt,s(f) =
(
HS +

√
2λGℜ

〈
e−itωf

∣∣ g〉)Ut,s(f), Ut,t(f) = 1.
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❷ Main Result

Energy Preserving Model

ρ(0) = γ ⊗ ζε, H = 1
2
ω0σz +

1
ε
dΓε(ω) +

1
2
λσz ⊗ φε(g).

Effective dynamics

The e�ective dynamics is explicitly solvable ∀ε ∈ (0, 1] in the basis
|1⟩ , |2⟩ s.t. σz |1⟩ = |1⟩, σz |2⟩ = − |2⟩: we set [γ(t)]ij := ⟨i| γ(t) |j⟩;
The diagonal terms are constant: [γ(t)]ii = γii, ∀i and ∀t ∈ R.

Proposition (Effective dynamics)

For all ε > 0 and for all t ≥ 0,

[γε(t)]12 = e−iω0tDε(t)γ12,

where the decoherence function is given by (with generating functional χε)

Dε(t) = χε (λgt) , gt(k) :=
1− eiω(k)t

iω(k)
g(k).
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❷ Main Result

EPM Decoherence (I)

[γε(t)]12 = e−iω0tDε(t)γ12, Dε(t) = χε (λgt) , gt(k) :=
1− eiω(k)t

iω(k)
g(k).

Decoherence function

The decoherence function can be explicitly computed:

(COH)

Dε(t) = e−
1
4
ελ2∥gt∥2

∫
L2(R3)

dµ0(f) e
i
√
2λℜ⟨f |gt⟩;

(BEC) with n =
⌊
1
ε

⌋
,

Dε(t) = e−
1
4
ελ2∥gt∥2 Ln

(
1
2 ελ

2 |⟨f0|gt⟩|2
)
,

D0(t) = J0
(√

2|λ| |⟨f0|gt⟩|
)
=

∫ π

−π

dθ

2π
ei
√
2λℜ(eiθ⟨f |gt⟩);

(THM)

Dε(t) = e−
1
4
ελ2⟨gt|coth(β′εω/2)gt ⟩.
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❷ Main Result

EPM Decoherence (II)

[γε(t)]12 = e−iω0tDε(t)γ12, Dε(t) = χε (λgt) , gt(k) :=
1− eiω(k)t

iω(k)
g(k).

Proposition (Decoherence)

Let J (k) = π
2k

2

∫
S2

dΣ(ϑ, ϕ) |g(k, ϑ, ϕ)|2 be the spectral density of R,

and assume that J (k) ∼ kp, as k → 0+, for some p ∈ (−1,+∞). Then,

1 (COH, BEC) for quantum R (ε > 0), there is full decoherence:

lim
t→∞

Dε(t) = 0;

2 (COH, BEC) for classical R (ε = 0), there is partial decoherence only:

lim
t→∞

D0(t) = D0(∞) ̸= 0;

3 (THM) For both quantum or classical R, there is partial decoherence

if p > 2, and full decoherence if 0 < p < 2; furthermore,

Dε(t)

D0(t)
∝ e−

1
π
Γ∞ελ.
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❷ Main Result

EPM Decoherence (III)

[γε(t)]12 = e−iω0tDε(t)γ12, Dε(t) = χε (λgt) , gt(k) :=
1− eiω(k)t

iω(k)
g(k).

(COH) Decoherence

For a single coherent state Ψf0 , D0(t) = 1, ∀t ∈ R (no decoherence), while
Dε(t) −−−−→

t→+∞
0, ∀ε > 0 (full decoherence).

(BEC) Decoherence

Since D0(t) = J0
(√

2|λ| |⟨f0|gt⟩|
)
< 1, there is always decoherence but

typically no full decoherence: if |
〈
f0|ω−1g

〉
| < +∞, then

lim
t→∞

D0(t) = J0

(√
2|λ|

∣∣〈f0 ∣∣ 1ωg 〉∣∣) ,
which vanishes only if the argument is a zero of J0. Hence, typically there
is full decoherence for quantum R and partial decoherence for classical R.
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❷ Main Result

EPM Markovianity

Measure of markovianity

In [Laino, Piilo, Breuer `10] a quantitative measure of markovianity has
been introduced:

The key idea is that the distinguishability of two quantum states ρ, ν
never decreases along a markovian dynamics;

A measure of how much two states di�er is ∥ρ− ν∥1;
One thus de�nes the measure of markovianity of the e�ective
dynamics as

N = max
ρ(0),ν(0)

∫
S+

dt ∂t ∥ρ(t)− ν(t)∥1 ,

where S+ = {t ≥ 0, ∂t ∥ρ(t)− ν(t)∥1 > 0}.
In our case S+ = {t ≥ 0, ∂t|Dε(t)| > 0} and ∂t|Dε(t)| can be
explicitly computed...
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❷ Main Result

EPM Markovianity � BEC (I)
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❷ Main Result

EPM Markovianity � BEC (II)

Markovianity

There are oscillations with decreasing amplitude and frequency
depending on the infrared behavior of R;

As ε decreases from ε = 1 (quantum) to ε = 0 (classical), the regions
of non-Markovianity stabilize to become ε-independent.
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❷ Main Result

EPM Markovianity � THM
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❷ Main Result

Energy Exchange Model

ρ(0) = γ ⊗ ζε, H = 1
2ω0σz +

1
εdΓε(ω) + λ

√
εG⊗ φ(g).

Effective dynamics

The quantum model is no longer diagonalizable nor explicitly solvable;

The e�ective quasi-classical dynamics is given by

γ0(t) =

∫
L2(R3)

dµ0(f) Ut(f)γU
†
t (f),

where Ut(f) := Ut,0(f) is the two-parameter unitary group

i∂tUt,s(f) =
(
HS +

√
2λGαt(f)

)
Ut,s(f), Ut,t(f) = 1,

αt(f) = ℜ
〈
e−itωf

∣∣ g〉 .
Qualitatively, if αt(f) −−−→

t→∞
0 (Riemann-Lebesgue lemma), then the

interaction becomes small asymptotically (scattering).
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❷ Main Result

EEM Scattering (I)

i∂tUt,s(f) =
(
HS +

√
2λGαt(f)

)
Ut,s(f), αt(f) = ℜ

〈
e−itωf

∣∣ g〉 .
Scattering

Let Ω+ = lim
t→+∞

U †
t,0e

−itHS and Ω− be the wave operators;

Set a(f) :=

∫ +∞

0
dt |αt(f)|.

If the conditions a(f) < +∞, |λ| a(f) < 1, are satis�ed by any
f ∈ supp(µ0), the S e�ective dynamics is asymptotically free.

Proposition (Existence of scattering)

Let f ∈ L2(R3) be �xed and suppose that a(f) < +∞. Then the wave

operators Ω± exist. Moreover, if |λ| a(f) < 1, then Ω± are invertible and

the scattering operator S = Ω−1
+ Ω− exists.
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❷ Main Result

EEM Scattering (II)

γ0(t) =

∫
L2(R3)

dµ0(f) Ut(f)γU
†
t (f), a(f) :=

∫ +∞

0

dt
∣∣∣ℜ 〈

e−itωf
∣∣∣ g〉∣∣∣ .

Proposition (Stability of the free dynamics)

Let ζε
qc−−−→

ε→0
µ0 and a(f) < +∞, ∀f ∈ supp(µ0). Then, ∃C < +∞ s.t.

sup
t≥0

∥∥γ0(t)− e−itHSγeitHS
∥∥ ≤ C|λ|.

Lemma

Let ω(k) = |k|, with polar coordinates (k,Σ) ∈ R+ × S2. If

k 7→ f(k,Σ)g(k,Σ) is C2(R+) for any Σ,

for any Σ,

{
f(k,Σ)g(k,Σ) ∼ kp, as k → 0, for some p > −1,

f(k,Σ)g(k,Σ) ∼ k−q as k → +∞, for some q > 2,
,

then a(f) < +∞.
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❷ Main Result

EEM Non-scattering

i∂tUt,s(f) =
(
HS +

√
2λGαt(f)

)
Ut,s(f), αt(f) = ℜ

〈
e−itωf

∣∣ g〉 .
Polaron-type models

For polarons ω(k) = ωR and αt(f) = ℜ eiωRt ⟨f |g⟩ is time-periodic;

The e�ective dynamics is given by a well-known equation describing
open quantum systems interacting with classical �elds:

i∂tUt(f) =
[
1
2ω0σz +

λ√
2
⟨f |g⟩ cos(ωRt)σx

]
Ut(f), U0(f) = 1.

Proposition (Evolution in presence of symmetries)

Suppose that µ0(A) = µ0(−A), ∀A measurable and that G is o�-diagonal

in the σz-basis. Then the diagonal and the o�-diagonal density matrix

elements of γ(t) evolve independently. In particular, if γ is diagonal, then

so is γ(t) for all t, and if γ is o�-diagonal, then so is γ(t).
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❸ Perspectives

Future Perspectives

Investigate further the energy exchange model (e.g. for a circularly
polarized �elds) in the non-scattering regime at least numerically;

Study more realistic models, e.g., the Caldera-Leggett model, where a
quantum trapped particle is linearly coupled to a bosonic �eld [MC,

Falconi, Fantechi `2x].

Thank you for the attention!
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❸ Perspectives

EPM Decoherence (IV)

[γε(t)]12 = e−iω0tDε(t)γ12, Dε(t) = χε (λgt) , gt(k) :=
1− eiω(k)t

iω(k)
g(k).

Sketch of the proof

The key term for decoherence is the exponential factor e−
1
4
ελ2∥gt∥2 ;

With the spectral density J (k) = π
2k

2

∫
S2

dΣ(ϑ, ϕ) |g(k, ϑ, ϕ)|2, one

has, e.g., for ω(k) = |k|2,

∥gt∥2 = 4
π

∫ +∞

0
dk

1− cos(kt)

k2
J (k).

Large-time asymptotics

The t→ ∞ asymptotics of ∥gt∥2 is determined by the infrared behavior of
J as k → 0+. If J (k) = kpI(k), for some smooth non-vanishing I, then
one can classify all possible cases for p ∈ (−1,+∞) [Trushechkin `23].
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❸ Perspectives

EPM Decoherence (V)

[γε(t)]12 = e−iω0tDε(t)γ12, Dε(t) = χε (λgt) , gt(k) :=
1− eiω(k)t

iω(k)
g(k).

Lemma

Let J (k) = kpI(k), for some p ∈ (−1,+∞) and some I ∈ C2([0, kc]) s.t.
I(0), I ′(0) ̸= 0. Then, as t→ ∞,

e−
1
4
ελ2∥gt∥2 ∼


e−

1
π
ελΓ∞ , p > 1,

c0t
−c1ελ2

, p = 1,

c0t
−c2ελ2

e−c1ελ2t, p = 0,

c0e
−c1ελ2t1−p

, −1 < p < 1, p ̸= 0,

for some Γ∞, c1 > 0 and c2 ∈ R (independent of ε, λ). Furthermore,

c0 = c0(ελ
2) > 0, lim

ε2λ→0
c0(ε

2λ) = 1.
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