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@ Introduction:
e Spin-boson model [CFFM,FM] describing a spin interacting with a
bosonic field in the quasi-classical regime [CF,CFO1-2].
@ Main result [CFFM]:
o Derivation of the effective dynamics for the small system;
o Analysis of decoherence and markovianity in the energy preserving case;
o Energy exchange case.
@ Future perspectives [CFF].
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OPEN QUANTUM SYSTEM (I)

o A small quantum systems S interacts with a /arge (quasi-classical)
reservoir or environment X;

e We are interested in the effective behavior of S when the reservoir’s
degrees of freedom are traced out.
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OPEN QUANTUM SYSTEM (II)
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e Space of states 7 = s @ HR;

o Hamiltonian
H:H3®ﬂ+]l®HR+H[.

Given an initial state p € 2| | (), the reduced density matrix is

v(t) = trg (e *H peit) | teR.

LARGE-TIME BEHAVIOR

The goal is to study the behavior of v(¢) (and in particular its off-diagonal
part) for large times and for different initial states p.
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OPEN QUANTUM SYSTEM (III)
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o Space of states 7 = s ® JHR;
) H:HS®]1+]1®HR+H]Z
o (t) = trg (e "H peitt).

MARKOVIAN APPROXIMATION

@ In the weak coupling approximation (a.k.a. Van Hove regime),

Hy = AV, for some small |\| < 1;

o For times t < % the effective dynamics is given by a CPTP map with

~

Linbladian generator [Davies ‘74];

@ Under suitable assumptions on the model, the Markovian
approximation can be proven to hold uniformly in time [MerkL1 22].

Is it possible to go beyond the Markovian approximation? |
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SPIN-BOSON MODEL (I)
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o Space of states 77 = s ®@ HR;
o H= H3®]1+]1®HR+H1
= trg (6 thpeth)_

o Two-level system 75 = C?;

0 -1

RESERVOIR R

o Bosonic quantum field % = T'\(L*(R?)) = @, > L?(R?)®=;

e Hg = %wgaz, with wy > 0 and 0, = ( e > the 3rd Pauli matrix.

e Hr =dl'(w) = /3 dk w(k)akak, with dispersion relation w(k) > 0.
R

V.
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SPIN-BOSON MODEL (II)
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o Space of states 77 = s ®@ HR;
) H:H3®]l+]l®HR+H]Z
° ’7<t) = trr (efitheitH)_

Linear coupling

Hr = \/e G ® p(g).

@ )\ € R is a coupling parameter;

0 < e < 1is a quasi-classical parameter interpolating between
quantum (¢ = 1) and classical (¢ = 0) reservoirs;

G e ,%’((C2) is self-adjoint;
field operator p(g) = % [a(g) + a(g)] with form factor g € L%(R3).

V.
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(QUASI-CLASSICAL SCALING (I)
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H = C* @ Ts(L*(R?)), H = twoo. + dI'(w) + AVEG ® ¢(g).

QUASI—CLASSICAL INITIAL STATES

We want to consider initial states p € ffil(jf) of the form

p="® (e,

where the field’s state contains a macroscopic average number of
excitations N ~ 1 as ¢ — 0: with N = dI'(1),

trr (NCE) ~ g

This is a semiclassical regime for the field since
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(QUASI-CLASSICAL SCALING (II)
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H = C* @ Ts(L*(R?)), H = twoo. + dI'(w) + AVEG ® ¢(g).

QUASI—CLASSICAL VARIABLES

To make the emergence of the classical behavior more apparent, it is
convenient to rescale all field’s observable

a¥(g) — dk(g) := a*(v/zg) = veal(g),
(and consequently ¢-(g) := ¢(1/2g)), so that
lim trg (A:B:) = lirr(l)trR (B:A:) < [A.,B]=0(),
e—

e—0

for any polynomials A, B. in al.

The Hamiltonian becomes H = Hy + A\G & ¢-(g) where the free part reads

HO = %WOO-Z aF %dl}(w)
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INITIAL STATES (I)

= POLITECNICO | DIPARTIMENTO
S MILANO 1863 | DI MATEMATICA
DIPARTIMENTO DI ECCELLENZA 2023-2027

H=CRT(L2®Y),  p0) =7 C.

(QUASI-CLASSICAL STATES

@ The classical counterpart of field's states (. are probability measures
A (L?(IR?)) over the one-excitation space L*(R?);
o The generating functional x. : L?(R3) — C associated to (. is

Xe(f) == trr (We(f)Ce) W(f) = eitps(f)7 IS L2(R3)'

QUASI—CLASSICAL CONVERGENCE
We say that (. ic? p € Mea(L*(R3)) if

Xe(f) —— dp(g) e"V2RlP,
e—0 L2(R3)

If, for some § > 0, trg (Ngfg) < C, then € .//{(LQ(R3)).
Quasi-CLAssICAL SPIN 4 RESERVOIR 27/11/2024 8 /25




INITIAL STATES (II)
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p(O) =7® CE7 Xs(f) = trr <€i»9s(f)<€> ]

(SUPERPOSITION OF) COHERENT STATES

o Coherent states of the form
\/§Ws(f0>

Upi=e V2 Q=W (——{2/?0 Q,
have a simple counterpart: y.(f) = ¢ 1<I/I7ciVR(olF) 5o that
W) (U] == (- — fo).
‘ f0>< J‘o| c50 5( fO)

@ More in general for a superposition of coherent states
G= [ du) g (],
L2(R3)

for some 1y € 4 (L*(R3)), then

qc
Ce > HO-
e—0
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INITIAL STATES (III)
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p(0) =v® (., xe(f) :=trr (ewa(f)cg) .

BOSE-EINSTEIN CONDENSATE

o For a given one-excitation state fy € L?(R?), a Bose-Einstein
condensate is described by the product state fy ® --- ® fo or

al(fo)"
e = \/%Q n=|1/e|.

@ The classical measure is the uniform over the sphere S':

¢ %, /:ﬂ 40§ ( - foe*i") .

e—0

.

Xe(f) = Ln (3¢l (fol £) IP) (QAW(£)Q) = Jo (V2] (fol £) ), but the
" ;L@ SVER(E(folf)) 0

integral form of Bessel functions yields /

—T

€
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INITIAL STATES (IV)
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p(O) =v®C, Xs(f) = trg (ewg(f)cs) .

@ The thermal equilibrium state of R is identified by

1
T = G
(a(alo))y = | |k 0" 009
o To obtain a non-trivial limit we are forced to rescale the temperature
and set 3 = ¢f3/, for 3 independent of ¢ (high temperature regime).
° (. q—co> € Mey(L*(R3)) gaussian measure with zero mean and
e— :

covariance 3w (in oo dimension the gaussian measure is cylindrical).

Ye(f) = e—}le(f\coth(gﬁlw/Z)f) efﬁm‘flﬂ_ -

e—0

v
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MAIN GOALS
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p(0) =7®¢,  H=jwoo:+ 2dl(w) + \WWeG @ ¢(g).

Characterize the (large-time) effective dynamics of the spin S, i.e., the
behavior for t — +o0 of

%(t) = trr [eimH ('Y ® Ce) iH(e )]7

for £ € (0,1] and as € — 0, and for different field's initial states (. —
COHerent superposition, Bose-Einstein Condensate, THerMal state. In
particular, we aim to

@ investigate decoherence, i.e., suppression of interference effects;

o study the markovianity of the effective dynamics, i.e., how much
distinguishability between states gets worse along the dynamics.
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EFFECTIVE DYNAMICS
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p(0) =7 ® (e, H = twoo. + 1dT-(w) + AG ® ¢:(g).
2 €

THEOREM (MC, FAarconi, OLIVIERI ‘23)

Let (. € Z] |(L*(R?)) be a family of field's states such that, for some

§ >0, trr (N2¢:) < C, then 3 a probability measure g € .4 (L*(R?))
s qc

and a subsequence {c.}; cry, €k m 0, satisfying (., m 1o and

lim e, (8) = 70(t) = /L oy Q) OO ),

k——+o0
where Uy (f) := U, o(f) is the two-parameter unitary group

0 Urs(f) = (Hs + V2GR (7™ f| 9)) Ups(f),  Une(f) = 1.
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ENERGY PRESERVING MODEL
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p(0)=7®¢,  H=3w00:+ ¢dl:(w) + 3A0: ® ¢e(g).

EFFECTIVE DYNAMICS

o The effective dynamics is explicitly solvable Ve € (0, 1] in the basis
11),12) s.t. 0. (1) = |1), 0. ]2) = —[2): we set [v(t)];; == (i|v(?) |5);
o The diagonal terms are constant: [y(¢)];; = 7ii, Vi and Vt € R.

PROPOSITION (EFFECTIVE DYNAMICS)
For all ¢ > 0 and for all t > 0,

[Ve ()] 12 — e ot D, ()72,

where the decoherence function is given by (with generating functional x.)

1— eiw(k)t
iw(k)

V.
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® MaIN RESULT

EPM DECOHERENCE (1)
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. _ eiw(k)t
[(Ve(®)]y, = €T De(t) 12, De(t) = xe (Age),  ge(k) = Wﬂ(k)-

DECOHERENCE FUNCTION

The decoherence function can be explicitly computed:
e (COH)

D.(t) = emaVlloel’ dpao(f) VPR lgn),
L2(R%)

o (BEC) with n = | 1],
D.(t) = et 1, (132 [(folgl?)

Do) = o (VA [(folan) = [ G2 e/ to0),

_p 2T
e (THM)

D5 (t) _ 67%5/\2 (gt|coth(B'ew/2)g: ) )
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EPM DECOHERENCE (II)

i 1— eiw(k)t
[ (t)]15 = €7 " De (t) 712, De(t) = xc (Age),  gi(k) := WQUQ
PROPOSITION (DECOHERENCE)

Let J(k) = gkz/ dx(9, ¢) |g(k,,d)|* be the spectral density of R,
S2
and assume that J (k) ~ kP, as k — 0T, for some p € (—1,+0cc). Then,
@ (COH, BEC) for quantum R (¢ > 0), there is full decoherence:
lim D.(t) =0;
t—00
@ (COH, BEC) for classical R (¢ = 0), there is partial decoherence only:
tli>m Do(t) = Do(OO) 75 0;

@ (THM) For both quantum or classical R, there is partial decoherence
if p > 2, and full decoherence if 0 < p < 2; furthermore,
D (t)

o T
Do (t)

M. Correccl (Porivr)
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EPM DECOHERENCE (III)
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1— eiw(k)t

W.@G‘)

["/E(t)hz = eimoth(t)Vus Df(t) = Xe ()‘.(]t) ) gt(k) =

For a single coherent state W, Dy(t) = 1, V¢t € R (no decoherence), while
D.(t) " 0, Ve > 0 (full decoherence).
—+00

| +
.

(BEC) DECOHERENCE

Since Do(t) = Jo (V2|A[ [{folg:)|) < 1, there is always decoherence but
typically no full decoherence: if | <f0|w_lg> | < +o0, then

Jim Do) = Jo (VAN [(fo20)1).

which vanishes only if the argument is a zero of Jy. Hence, typically there
is full decoherence for quantum R and partial decoherence for classical R. )
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® MaIN RESULT

EPM MARKOVIANITY
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MEASURE OF MARKOVIANITY
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In [Lavo, PuLo, Breuer ‘10] a quantitative measure of markovianity has
been introduced:

@ The key idea is that the distinguishability of two quantum states p, v
never decreases along a markovian dynamics;

@ A measure of how much two states differ is

lp—vlly;
@ One thus defines the measure of markovianity of the effective
dynamics as

N = max / dt o t)—uv(t)|,
e [ drolow) — v,
where S, = {t > 0,0, ||p(t) — v(t)||; > 0}.

@ Inourcase S; = {t >0,9;|D(t)| > 0} and 9;|D(t)| can be
explicitly computed...

v
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EPM MARKOVIANITY — BEC (II)
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0.2 — =0
e=1/5
=N = £=1/3
7 8 - e=12
—— g=1
-02 time t
A
3(|D(6)20-4 ™\
_o64 M 02 \ 4703 04 05
time t
-0.8 — £=0
e=1/5
—— £=1/3
oo —— E=1R
—— &=1
-12

@ There are oscillations with decreasing amplitude and frequency
depending on the infrared behavior of R;

@ As ¢ decreases from € = 1 (quantum) to ¢ = 0 (classical), the regions
of non-Markovianity stabilize to become e-independent.
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EPM MARKOVIANITY — THM
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ENERCGY EXCHANGE MODEL

OLITECNICO | DIPARTIMENTO
¢ MILANO 1863 | DI MATEMATICA
DIPARTIMENTO DI ECCELLENZA 2023-2027

p(0) =7®¢,  H=iwo,+ 1dl(w) + AVEG @ ¢(g).

EFFECTIVE DYNAMICS

@ The quantum model is no longer diagonalizable nor explicitly solvable;

@ The effective quasi-classical dynamics is given by
00 = [ dualf) GO OI ),
L2(R3)
where Uy (f) := U o(f) is the two-parameter unitary group
i0Us(f) = (Hs +V2A\G () Urs(f),  Una(f) =1,
a(f) =R (e ™ f|g).

o Qualitatively, if ay(f) = 0 (Riemann-Lebesgue lemma), then the
—00

interaction becomes small asymptotically (scattering).
v
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EEM SCATTERING (I)
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10U s (f) = (Hs + V220G at(f)) Us,s(f), a(f) =N <(f""f’“f| g> .

o Let QO = . 1ir+n Ufoe_“HS and Q_ be the wave operators;
—+o0 7

00
- S ) :/ dt |au(f)].

0
o If the conditions a(f) < +oo, |A|a(f) < 1, are satisfied by any
f € supp(po), the S effective dynamics is asymptotically free.

PROPOSITION (EXISTENCE OF SCATTERING )

Let f € L?(R%) be fixed and suppose that a(f) < +oo. Then the wave
operators ()1 exist. Moreover, if |\|a(f) <1, then Q). are invertible and
the scattering operator S = erlQ, exists.

V.
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EEM SCATTERING (II)
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o= [ oG, = [ |r (o)

PROPOSITION (STABILITY OF THE FREE DYNAMICS)

Let (. q—CO> po and a(f) < +oo, Vf € supp(po). Then, 3C < +o0 s.t.
e=

sup [|y0(t) — e sye s || < Ol

t>0
.

Let w(k) = |k|, with polar coordinates (k,¥) € R x S2. If

o ks f(k,X)g(k,X) is C>(RT) for any %,
f(k,X)g(k,2) ~ kP, ask — 0, for somep > —1,
f(k,2)g(k,X) ~ k™9 ask — +oo, for some q > 2,

o for any 3, {

then a(f) < +o0. |
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EEM NON-SCATTERING
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i0Urs(f) = (Hs + V2AG o (f)) Urs (), au(f) =R (e7"™f|g).

POLARON-TYPE MODELS

@ For polarons w(k) = wr and a;(f) = Re“rt (f|g) is time-periodic;

@ The effective dynamics is given by a well-known equation describing
open quantum systems interacting with classical fields:

i0.UL(f) = [$woo= + 25 (flo) cos(wrt)oa| U(f),  Uolh) =1.

PROPOSITION (EVOLUTION IN PRESENCE OF SYI\"H\‘“IETR.IES)

Suppose that 19(A) = po(—A), YA measurable and that G is off-diagonal
in the o.-basis. Then the diagonal and the off-diagonal density matrix
elements of v(t) evolve independently. In particular, if v is diagonal, then
so is y(t) for all t, and if y is off-diagonal, then so is (t).
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® PERSPECTIVES

FUTURE PERSPECTIVES
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o Investigate further the energy exchange model (e.g. for a circularly
polarized fields) in the non-scattering regime at least numerically;

e Study more realistic models, e.g., the Caldera-Leggett model, where a
quantum trapped particle is linearly coupled to a bosonic field [MC,
FALCONI, FANTECHI ‘2X].

%/w%@%wf/m@é&%/
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EPM DECOHERENCE (IV)

POLITECNICO | DIPARTIMENTO
MILANO 1863 | DI MATEMATICA
DIPARTIMENTO DI ECCELLENZA 2023-2027

1— eiw(k)t

["/E(t)hz = eiiwotDE(t)’Yl?s De(t) = xc (A\ge), gi(k) = WQ

SKETCH OF THE PROOF

o o 1 g 2
@ The key term for decoherence is the exponential factor e~ 1N llgel,

o With the spectral density 7 (k) = gkg/ d2(9, ¢) |g(k, 9, $)|, one
52
has, e.g., for w(k) = |k|?,
+oo 1 — cos(kt
lgel|* = fr/o dk kz()j(k)-
v

LARGE-TIME ASYMPTOTICS

The ¢ — oo asymptotics of ||g||* is determined by the infrared behavior of
J ask — 0", If J(k) = kPZ(k), for some smooth non-vanishing Z, then
one can classify all possible cases for p € (—1, +00) [TrusHECHKIN ‘23].
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. o eiw(k)t
[(Ve(®)]y, = €T De(t) 12, De(t) = xe (Age),  ge(k) = Wﬂ(k)-

Let J (k) = kPZ(k), for some p € (—1,+0c0) and some T € C?([0,k.]) s.t.
Z(0),Z'(0) # 0. Then, ast — oo,

1
67;8)\1—‘%, P > 1’
1N _
e~y Nlal? ) cotT p=1,
—coe)? _—c1eN?t _
C()t CRE. e Cl€ , p — 0’

o A —1<p<l,p#0,
for some ', c1 > 0 and ¢s € R (independent of €, \). Furthermore,
)

co = co(eX?) > 0, lim co(e?)) = 1.
e2A—0
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